Introduction
A sequence {x k } of real numbers is said to be uniformly distributed mod 1 if
where x denotes the fractional part x − [ x ] of x. Since the convergence is uniform in a and b, we use the following discrepancy D N ({x k }) to measure the speed of convergence:
For geometric progressions {θ k x} with |θ| > 1, we can prove the law of the iterated logarithm in exact form as below and determine the speed of convergence toward the uniform distribution. where Σ θ ≥ 1/2 is a constant determined by θ. The case θ > 1 was proved in [1] and the case θ < −1 in [3] . Before this result, Philipp [7] applied the method of Takahashi [8] and proved that the limsup above is bounded from below and above by positive constants if we replace θ k by n k satisfying n k+1 /n k ≥ q > 1.
We are interested in the concrete value of Σ θ because it indicates the speed of convergence. When θ k / ∈ Q for all k = 1, 2, . . . , then
(1) Σ θ = 1 2 .
When θ k ∈ Q for some k = 1, 2, . . . , denote r = min{k ∈ N : θ k ∈ Q} and θ r = p/q by p ∈ Z and q ∈ N with gcd(p, q) = 1. We first see that Σ θ is independent of r and and is determined only by p and q, i.e., (2) Σ θ = Σ p/q .
We also have the estimate
If both p and q are odd, then (4) Σ p/q = 1 2 |p|q + 1 |p|q − 1 .
If |p| ≥ 4 is even and q = 1, then (5) Σ p = 1 2 (|p| + 1)|p|(|p| − 2) (|p| − 1) 3 If p = 2 and q = 1, then (6) Σ 2 = 1 9 √ 42.
By (1), (2), (3) , and (6), we see that Σ 2 is largest among Σ θ (|θ| > 1) and that {2 k x} is furthest from the uniform distribution a.e. These results are proved in [1, 2, 3] . Determining the concrete value of Σ −2 is rather hard work [4] : (7) Σ −2 = 1 49 √ 910.
When q > 1 and pq is even, evaluation of the concrete value of Σ p/q needs very delicate estimate. We succeeded in giving the closed formula below to have the concrete evaluation when p/q is large. If p is odd, q is even and |p|/q ≥ 9/4, or if p is even, q is odd and |p|/q ≥ 4, then [6] where I = min{n ∈ N | q n = ±1 mod |p| − q} and v(x) = x (1 − x ). Having these results, it is very natural to have a question if the formula (8) is valid when p/q is small. We already have counterexamples Σ 2 and Σ −2 , since I = 1 and the right hand side of the formula equals to 0 in these cases which is different from the actual values (6) and (7) . In this note, we make a conjecture and give a few affirmative examples for that. Because the case when p/q is negative is very delicate and hard to be investigated, we restrict ourselves to the case of positive p/q.
If q is positive, we [1] have proved
where V (x, ξ) = x ∧ ξ − xξ.
When pq is even and p/q is large, the formula (8) derived from (9) Σ p/q = σ p/q p − q − 1 2(p − q) .
This equation holds since the point x = (p − q − 1)/2(p − q) is the maximal point of the function V (x, x) + 2V ( px , qx )/pq and the remainder terms can be negligible when p/q is large.
When p/q is small, then the remainder terms grow and validity of the formula (9) cannot be expected. Actually we can find several p/q such that
holds for some n ∈ N, and we say that p/q is of type k. The formula (9) shows that p/q is of type I if pq is even and p/q is large.
Since we have
we see that 2 = 2/1 is of type II.
We conjecture that there exists k and n such that (10) holds if pq is even. We are now in a position to state our result. Theorem 1. Ratio 13/6 is under the threshold of validity of (8) , it is of Type I and the concrete evaluation given by (8) is as follows:
Σ 13/6 = σ 13/6 3 13 − 6 = 2 7 237 77 . . Ratio 3/2 is of type VI and the concrete evaluation is as follows:
10314424798490535546171949055 .
Since the evaluation of Σ 3/2 contains very delicate calculation and the proof is lengthy, it will be proved in a separate paper [5] . By the above results, concrete values of Σ p/2 and Σ p/3 are completely determined.
Preliminary
We denote σ 2 θ (a) simply by σ 2 (a).
If x > y, then we have V (x, y) = y(1 − x), V x (x, y) = −y < 0, and V y (x, y) = 1 − x > 0. If x < y, then we have V (x, y) = x(1 − y), V x (x, y) = 1 − y > 0, and V y (x, y) = −x < 0. Since one of V x (x, y) and V y (x, y) is positive and the other is negative, we see 
On [ 822/12 3 , 659/1385), we see 12 3 x = 12 3 x − 822, 7 3 x = 7 3 x − 163, and 12 3 x − 7 3 x = 1385x − 659 < 0. By applying (11) for N = 3 we have 
On [ c, 9859/12 4 ), by applying (12) for N = 4 we have Because of V ( 6 n c , 13 n c ) = V (c, c), we have
We divide [ 0, 1/2) into [ 0, 5/13), [ 5/13, c) 
4.1. [ 0, 5/13) part. By applying (11) for N = 0, we have
since the quadratic function above has the axis at x = 1/2.
4.2.
[ 6/13, 1/2) part. We have 13x = 13x − 6, 6x = 6x − 2, and 13x − 6x = 7x − 4 < 0. By applying (11) for N = 1 we have
since the quadratic function above has the axis at x = 19/39.
4.3.
[ 58/133, 6/13) part. On [ 5/13, 6/13), we have 13x = 13x− 5, 6x = 6x− 2, 13x − 6x = 7x − 3, 3/7 ∈ [ 5/13, 6/13), and
On [ 58/133, 6/13) ⊂ [ 5/13, 6/13), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 101/234 < 58/133.
[ 73/13
2 , 58/133) part. We have 13 2 x = 13 2 x − 73, 6 2 x = 6 2 x − 15, and 13 2 x − 6 2 x = 133x − 58 < 0. By applying (11) for N = 2 we have
since the quadratic function has the axis at x = 1321/3042. 
since the quadratic function has the axis at x = 1449/3380 < 943/13 3 . 
, since the quadratic function has the axis at x = 474997/1107288.
On [ 850/1981, 943/13
3 ), by applying (11) for N = 3 we have
since the quadratic function has the axis at x = 711505/1660932 < 850/1981.
4.7.
[ 5/13, c) part. By applying (12) for N = 1 we have
We 
We have 4x = 4x − 1, 3x = 3x, and 4x − 3x = x − 1 < 0. By applying (11) for N = 1 we have
since the quadratic function has the axis at x = 13/36 > 1/3.
On [ 1/3, 3/8), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 4/9 > 3/8.
5.4.
[ 4/9, 1/2) part. On [ 4/9, 1/2), we have 4 2 x = 4 2 x−7, 3 2 x = 3 2 x−4, and 4 2 x − 3 2 x = 7x − 3 > 0. By applying (11) for N = 2 we have
since the quadratic function has the axis at x = 41/90.
5.5.
[ 7/16, 4/9) part. On [ 7/16, 4/9), we have 4 2 x = 4 2 x − 7, 3 2 x = 3 2 x − 3, and 4 2 x − 3 2 x = 7x − 4 < 0. By applying (11) for N = 2 we have
x=319/720
since the quadratic function has the axis at x = 319/720. 
On [ 3/8, 27/64), by noting 27/64 < c and by applying (11) for N = 2 we have
since the quadratic function has the axis at x = 31/72 > 27/64. On [ 16/37, 7/16), by noting c < 16/37 and by applying (11) for N = 2 we have
x=16/37
since the quadratic function has the axis at x = 101/240 < 16/37.
5.7.
[ 27/64, c) and [ c, 16/37) parts. On [ 27/64, 16/37), we have 4 3 x = 4 3 x − 27, 3 2 x = 3 3 x − 11, and 4 3 x − 3 3 x = 37x − 16 < 0. On [ 27/64, c), by applying (12) for N = 3 we have
On [ c, 16/37), by applying (12) for N = 3 we have
Put c = 24 55 . By 3 20 = 8 20 = 1 mod 55, we see V 3 k+20j c ,
6.1. [ 0, 3/8) part. By applying (11) for N = 0 we have
, we have 8x = 8x − 3, 3x = 3x − 1, 8x − 3x = 5x − 2 < 0 if and only if x < 2/5, and
On [ 3/8, 2/5), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 37/72 > 2/5. On [ 2/5, 27/8 2 ), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 4/9 ∈ (27/8 2 , 30/8 2 ). On [ 30/8 2 , 1/2), it also implies
, and 8 2 x − 3 2 x = 55x − 24 < 0. By applying (11) for N = 2 we have
2 , 5/11), by applying (11) for N = 2 we have , by applying (11) for N = 2 we have
since the quadratic function has the axis at x = 647/1440 < 5/11. 
since the quadratic function has the axis at x = 319/720. On [ 4/3 2 , 29/8 2 ), we have 8 2 x = 8 2 x − 28, 3 2 x = 3 2 x − 4, and 8 2 x − 3 2 x = 55x − 24 > 0 by 24/55 < 4/3 2 . By applying (11) for N = 2 we have
since the quadratic function has the axis at x = 257/576. 
On [ 223/8 3 , c), we have 8 3 x = 8 3 x−223, 3 3 x = 3 3 x−11, and 8 3 x − 3 3 x = 485x−212 < 0. By applying (12) for N = 3 we have 
7.1. [ 0, 4/10) part. By applying (11) for N = 0 we have
= − 617500840097 301842449585950 < 0.
[ 4/10, 43/10
2 ) and [ 46/10 2 , 1/2) parts. On [ 4/10, 1/2 ), we have 10x = 10x − 4, 3x = 3x − 1, 10x − 3x = 7x − 3, and hence
On [ 4/10, 3/7), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 47/90 > 3/7. On [ 3/7, 43/10 2 ), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 4/9 ∈ (43/10 2 , 46/10 2 ). On [ 46/10 2 , 1/2), it also implies 3 ), we have 3 3 x = 3 3 x − 11, 10 3 x = 10 3 x − 438, and 10 3 x − 3 3 x = 973x − 427 > 0. By applying (11) for N = 3 we have
since the quadratic function has the axis at x = 82463/189000 < 4389/10 4 .
[ 439/10
3 , 4395/10 4 ) part. We have 3 3 x = 3 3 x − 11, 10 3 x = 10 3 x − 439, and 10 3 x − 3 3 x = 973x − 428 < 0. By applying (11) for N = 3 we have
since the quadratic function has the axis at x = 27821/63000 > 4395/10 4 .
[ 45/10
2 , 46/10 2 ) part. We have 3 2 x = 3 2 x − 4, 10 2 x = 10 2 x − 45, and 10 2 x − 3 2 x = 91x − 41. Note that 41/91 is in this interval. Therefore
On [ 41/91, 46/10 2 ), by applying (11) for N = 2 we have
= − 18679091303 3622109395031400 < 0, since the quadratic function has the axis at x = 1007/2250 < 41/91.
On [ 45/10 2 , 41/91), by applying (11) for N = 2 we have
since the quadratic function has the axis at x = 421/900 > 41/91.
[ 4/3
2 , 45/10 2 ) part. We see 3 2 x = 3 2 x − 4, 10 2 x = 10 2 x − 44, and 10 2 x − 3 2 x = 91x − 40 > 0. By applying (11) for N = 2 we have
since the quadratic function has the axis at x = 401/900.
[ 44/10
2 , 4/3 2 ) part. We see 3 2 x = 3 2 x − 3, 10 2 x = 10 2 x − 44, and 10 2 x − 3 2 x = 91x − 41 < 0. By applying (11) for N = 2 we have
since the quadratic function has the axis at x = 499/1125.
[ 4395/10
4 , c) and [ c, 44/10 2 ) parts. We have 3 2 x = 3 2 x − 3, 10 2 x = 10 2 x − 43, hence 10 2 x − 3 2 x = 91x − 40 > 0 if and only if x > c. Therefore
On [ c, 44/10 2 ), by applying (12) for N = 2 we have
On [ 4395/10 4 , c) we have 3 3 x = 3 3 x−11, 10 3 x = 10 3 x−439, 10 3 x − 3 3 x = 973x−428 < 0, (11) for N = 0 we have
= − 24904966647596952849429889302781933093695756664304675096657329371733511265783097612555 635892842787695770153749993448056136138751999999999999999999999999999999999999999999971678 < 0.
[ 3/7, 66/12
2 ) and [ 68/12 2 , 1/2) parts. On [ 3/7, 1/2), we have 5x = 5x − 2 < 12x − 5 = 12x and
On [ 3/7, 66/12
2 ), by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 7/15 ∈ [ 66/12 2 , 68/12 2 ). On [ 68/12 2 , 1/2), it also implies 
On [ 67/12 2 , 56/119), by applying (11) for N = 2 we have 
= − 16931007279972763891785546344909946343602907997165610115988795246080213518939717135066577 763071411345234924184499992137667363366502399999999999999999999999999999999999999999966013600 < 0, since the quadratic function has the axis at x = 2081/4500 < 56/119.
[ 66/12
2 , c) and [ c, 67/12 2 ) parts. We have 12
2 ), and
We use (12) for N = 2. On [ 66/12 2 , c), we have
Note that 801/12 3 ∈ [ c, 67/12 2 ). On [ 801/12 3 , 67/12 2 ), by applying (12) for N = 2 we have On [ c, 741/1603) we have
On [ 741/1603, 799/12 ).
On [ 800/12 3 , 743/1603) we have 9.1. [ 0, 7/17) part. By applying (11) for N = 0 we have
9.2. [ 8/17, 1/2) part. We have 8x = 8x − 3, 17x = 17x − 8, and 17x − 8x = 9x − 5 < 0. By applying (11) for N = 1 we have
since the quadratic function has the axis at x = 25/51. 
On [ 7/17, 4/9) , by applying (11) for N = 1 we have
since the quadratic function has the axis at x = 8/17 > 4/9. On [ 4/9, 129/17
2 ), by applying (11) for N = 1 we have 
[ 130/17
2 , 29/8 2 ) part. We have 8 2 x = 8 2 x − 28, 17x = 17 2 x − 130, and 17x − 8 2 x = 225x − 102 < 0. By applying (11) for N = 1 we have
since the quadratic function has the axis at x = 41589/92480 < 130/17 2 . 
since the quadratic function has the axis at x = 7901437/17608192 < 1975/4401. 
On [ c, 130/17 2 ) by applying (12) for N = 2 we have 
